In this article the extended Bose-Hubbard model describing ultra-cold atoms confined in a shallow, one-dimensional optical lattice is introduced and studied by the exact diagonalization approach. All parameters of the model are related to the only relevant parameter controlled experimentally -the depth of the optical potential. Changes in a shape of the insulating lobe in the phase diagram of the system are explored and the value of the critical tunneling for which the system undergoes the phase transition (from the insulating to the superfluid phase) is predicted. It is shown that the value of critical tunneling is substantially affected by the presence of the tunnelings to distant sites of the optical lattice. The results may have some importance in upcoming experiments on quantum quench through phase transition points.
I. INTRODUCTION
The celebrated Hubbard model was introduced over fifty years ago to give an intuitive explanation of the transition from the superconducting to the insulating phase for not fully filled conducting bands [1] . The model revealed that on the many-body level the quantum phase transitions are induced not only by a mobility of single particles but also by mutual interactions between them. Due to amazing experimental progress in controlling of ultra-cold gases in optical lattices, this old fashioned theoretical toy-model is undergoing a renaissance since it provides a realistic description of the real quantum systems [2] [3] [4] . Many different extensions of the standard Hubbard model came into a play due to a subtle analysis of interactions between particles. When interactions are strong enough they can induce inter-site and inter-band couplings and may lead to many interesting phenomena [5] [6] [7] [8] [9] [10] [11] [12] [13] . This path was intensively explored by many authors and recently it was summarized in a broad review [14] . Nevertheless, there are still open questions on the properties of ultra-cold gases confined in a shallow optical lattice. One suspects that in such a case the validity of the Hubbard-like Hamiltonian can be questionable and some other methods should be adopted. One possibility is to exploit some methods working directly in the configuration space of confined particles. This idea was adopted recently with so-called hybrid quantum Monte Carlo method and used to study the phase transition from the Mott-Insulator (MI) to the superfluid (SF) phase [15] .
In this article the old-fashioned Hubbard-like approach is applied to this problem. First, we start from the general Hamiltonian of the system and we rewrite it in the form of the exact multi-orbital Hubbard like model. Then we show that even for very shallow lattices, for the lowest commensurate filling of the lattice, ρ = 1, in the vicinity of the phase transition the single-particle tunneling to the next-nearest-neighbor (NNN) sites has to be taken into account. Moreover, we show that NNN tunneling is a dominant correction to the standard Bose-Hubbard (BH) model and in the first approximation it is sufficient to neglect other corrections. In this way we obtain a quite simple extended Bose-Hubbard (BH) model and we study its properties in the vicinity of the phase transition with the exact diagonalization method.
The paper is organized as follows. In Sec. II the extended BH model with tunnelings to the NNN is introduced. In Sec. III the method of the exact diagonalization of the Hamiltonian is explained and an extrapolation of the results to the thermodynamic limit is clarified. In this way the phase diagram of the system for different lattice depths is calculated and the critical tunneling is localized. Finally, the conclusions are presented in Sec. IV.
II. THE MODEL
The starting point of the derivation of the model is a general Hamiltonian describing bosons of mass m confined in an optical lattice potential and interacting mutually via short range delta-like potential. We assume that the dynamics of the system is completely frozen in directions perpendicular to the direction of the optical lattice. Experimentally it can be obtained by applying very strong harmonic confinements in these directions. Then, excitations to higher states of harmonic confinement are strongly suppressed and, in consequence, particles occupy only the ground-state of the harmonic oscillator. Effectively, the second-quantized Hamiltonian of the system in the direction of the optical lattice has a form:
where
kx) is a single-particle part of the Hamiltonian. Lattice intensity V and the wavevector k are controlled by the lasers forming an optical lattice. The effective one-dimensional contact interactions are controlled by the coupling constant g [16] .
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The bosonic field operatorΨ(x) annihilates a particle at point x and fulfills the standard commutation relations for bosonic fields [Ψ(x),Ψ † (x )] = δ(x − x ). For convenience the whole analysis will be performed in the natural units of the problem, i.e. we measure energies in recoil energies E R = 2 k 2 /2m, lengths in 1/k, etc. In this way the coupling constant g is dimensionless and it measures an effective strength of the interaction between particles.
The standard route to obtain the effective Hubbardlike model describing the system is to expand the field operator in the basis of the maximally localized Wannier functions W (α)
i (x). The Wannier functions are numbered with two discrete indices α and i corresponding to the Bloch band and lattice site of the periodic potential, respectively. In the case studied, the functions can be found straightforwardly by solving the single-particle Schrödingier equation, which has a form of well-known Mathieu equation. The expansion of the field operator in the basis of Wannier functions has a form
whereâ αi annihilates a boson in the single particle state described by the wave function W (α)
i (x). By putting expansion (2) to the Hamiltonian (1) one gets a general multi-band Hubbard-like Hamiltonian of the form 
The diagonal parameters t (α) 0 represent average singleparticle energies in the states described by Wannier functions W (α) i (x). In contrast, the off-diagonal terms t
are the tunneling amplitudes between lattice sites. Note, that due to the properties of Wannier functions the tunneling between lattice sites does not change the orbital α. Since Wannier functions form a complete basis for the single-particle problem the Hamiltonian (3) is completely equivalent to the Hamiltonian (1). The advantage is that, in this picture, we are dealing with localized states and therefore it is a quite clear procedure leading to the simplified models.
The standard BH model is obtained in the so-called tight-binding limit, i.e. when all inter-band and intersite interactions can be neglected and only the nearestneighbor tunneling is important. In the experiments with ultra-cold bosons this scenario is achieved for deep enough lattices and weak enough interactions when all particles occupy the lowest Bloch band of periodic potential. In this limit only the on-site interaction in the lowest Bloch band U 0000
iiii and the nearest-neighbor tunneling t (0) 1 are important. For simplicity we will use standard notation U and t, respectively. Properties of the BH model are well known and were studied in many different contexts and with the help of different numerical and analytical methods [17] [18] [19] .
Recently, due to the instantaneous experimental progress, many extensions of the standard BH model where introduced. Typically, extensions are needed whenever interactions between particles are enhanced and their long-range part starts to be important. In such scenarios the BH model is extended by an appropriate inter-site and inter-band terms. These path has opened very wide filed of research and has led to many interesting conclusions [14] .
Here, we discuss a different regime of experimental parameters where interactions between particles are still very weak but the periodic potential of the optical lattice is very shallow. Our aim is to derive the most relevant corrections to the standard BH model and find their con-sequences in determining the position of the phase transition point from the MI to the SF phase.
The depth of the optical lattice is directly related to the energetical spreading of the Bloch bands (spatial spreading of the localized Wannier functions) and is responsible for the narrowing of the energy gaps between them. Intuitively, for shallow lattices, one expects that the BH model needs to be extended by many different terms taking these simple observations into account. In general, such a model is quite complicated and hard to analyze. However, subtle analysis shows that in the vicinity of the quantum phase transition point (for filling ρ = 1) many of new terms can be completely neglected and the only correction which is relevant comes from the tunnelings to the NNN t (0) 2 . In these particular case corrections that originate in the higher bands physics, as well as in the inter-site interactions, are less important and at the first approximation they can be omitted.
To justify these non-obvious statements let us at first show that the influence of higher bands is negligble. The argumentation is based on the observation that the higher bands enter the game through interaction terms which lead to the promotion of particles from the ground to the higher bands. The most important term of this kind is related to the inter-band interaction U IB = U (1100) iiii , which is responsible for the inter-band transfer of two particles from the ground band |g = (â † 0i ) 2 |vac to the first excited band |e = (â † 1i ) 2 |vac . In the subspace of two particle states in given lattice site the local Hamiltonian (truncated to the two lowest bands) has the formĤ loc = 2∆|e e| + 2U IB (|g e| + |e g|) ,
where ∆ is the energy gap between lattice bands. When the inter-band interaction U IB is taken into account the true local ground state |G has some contribution from the excited state |e and the squared projection
is a proper measure of the influence of higher bands. To estimate its value let us remind that, for one-dimensional case, the system undergoes the phase transition in the region where the ratio t/U 0.25. This ratio is independent on the lattice depth and for given lattice can be controlled by adjustment of the interaction coupling constant g. The energy gap ∆ between the ground and the excited band of the periodic potential highly depends on the lattice depth. The ratio t/∆ as a function of the lattice depth V is presented in Fig. 1b . As one can note, the tunneling t is always much smaller than ∆ and even for very shallow lattices it is not larger that 10% of ∆. At the same time the inter-band interaction U IB is at least two times smaller than the on-site interaction U (Fig.  1d) . From these two facts and the following chain rule
one finds that in the vicinity of the phase transition point (U/t < 4) the interaction energy U IB /∆ < 0.2 for any lattice depth. Consequently, even for very shallow lattices, the squared projection | e|G | 2 < 4%. In addition, correction to the energy of the ground state, |δE|/∆ = 1 − √ 1 + x 2 < 8%. This relatively small contribution from higher bands is caused mainly by an existence of a large energy gap ∆. In other words, all processes that lead to the excitation of particles to the higher bands are always off-resonant and they are effectively suppressed by the conservation of energy. Note however, that this argumentation breaks down for larger fillings due to the enhancement of the interactions, i.e. the interaction parameters are multiplied by the numbers of particles occupying appropriate states.
The situation is quite different for processes acting within the ground-band of the lattice. In this case, the inter-site processes (tunnelings or interactions) couple states with relatively equal energies and therefore they are not suppressed by the conservation of energy. They lead to the non-local correlations that have a crucial importance in the vicinity of the transition point from MI to SF phase. The most relevant process of this kind is obviously the single-particle tunneling to the neighboring site controlled by t. To find the leading correction to this term for shallow lattices we should compare the influence of the NNN tunneling t = t for i = j ± 1 which transfers the particle to the neighboring site when the second particle is present nearby [8] . As it is seen in Fig. 1c the inter-site amplitude U IS is always much smaller than U . It is worth noting that induced tunneling U IS is small directly due to the short-range character of mutual interactions. It is known that it can play a crucial role in the case of long-range interactions [9] . It can be shown that, in the vicinity of the phase transition, |U IS |/t is also essentially smaller than |t |/t. Therefore, for shallow lattices, the most relevant correction comes from the NNN tunneling t and we will study the model with this correction only. Obviously, further improvement of the model (which is beyond the scope of this article) would require other terms. One of the most important would be the tunneling induced interaction U IS .
At this moment it should be emphasized that, due to the properties of Wannier functions, the tunneling amplitude t has an opposite sign when compared with tunneling t. It means that the NNN tunneling effectively decreases the kinetic energy of the particles. As explained later, this fact has significant and counterintuitive consequences on the stability of the insulating phase.
In this way we finally obtain the extended BH model for shallow lattice of the form:
Two tunneling amplitudes t and t depend directly on the lattice depth V . In the tight-binding limit, when the NNN tunneling t is neglected, the model is effectively controlled by the one parameter t/U . The value of this parameter, along with the density of particles ρ = N/L, determines all properties of the ground-state of the system. From the experimental point of view this parameter can be controlled in two independent ways, i.e. by changing the depth of the optical lattice or by changing the interaction coupling parameter g. As long as t is excluded both experimental approaches are equally good from the model point of view. However, when the NNN tunneling is taken into account the Hamiltonian is controlled by two independent parameters t/U and t /U and in the second experimental scenario (when only interaction coupling g is changed) their ratio is fixed by the lattice depth, t /t = const. Therefore, one can still study properties of the system as a function of the normalized tunneling t/U provided that the lattice depth V is fixed. In the first experimental scenario when the lattices depth is changed, the ratio of both tunnelings t /t varies (see Fig. 1a ). This simple observation should be always taken into account whenever a dynamical quench through the phase transition is considered. One should realize that two, seemingly equivalent, methods of controlling t/U can lead to different results due to the neglected NNN tunnelings. In the following studies, we assume that the parameters of the Hamiltonian are controlled for the given lattice depth via changing interaction strength g. At this point it is worth a reminder that the model is valid in the restricted range of parameters, i.e. for the first insulating phase (ρ = 1) and in the vicinity of the phase transition point. Nevertheless, the model is sufficient to determine the value of critical tunneling for different lattice depths.
III. METHOD AND RESULTS
As noted previously, here we assume that the lattice depth is fixed and the ratio t/U is tuned by changing the local interaction term U . In this way the phase diagram for different lattice depths is obtained and the critical value of the tunneling as a function of the lattice depth is determined. For a very deep lattice the ratio t /t tends to 0 and one should expect to recover the limit of the standard BH model (tight-binding limit).
The phase diagram of the model studied is obtained via a straightforward method based on the procedure of an exact diagonalization of the Hamiltonian [20, 21] . First, we fix the number of lattice sites L and the number of particles N . We perform exact diagonalization of the Hamiltonian (8) in full many-body Fock space (i.e., each lattice site can be occupied with 0, . . . , N particles) applying periodic boundary conditions. In this way we find the ground state of the system |G N,L and its energy E(N, L). Then, for commensurate filling ρ = N/L = 1, we calculate upper and lower chemical potential µ ± de- fined as:
These two quantities strongly depend on the lattice size L and we are interested in their values in the thermodynamic limit of infinite lattice. Therefore, we diagonalize the Hamiltonian for different sizes of the lattice L = 4, 8, 10, 12 and we extrapolate data to the L → ∞. The extrapolation procedure is based on the observation that, for large enough lattice sizes, the chemical potential scales linearly with the inverse of the lattice size 1/L. In this way we obtain upper and lower bounds of the insulating lobe as a function of the normalized tunneling t/U . In this limit we also define the energy gap of the insulating phase Γ = µ + −µ − . In Fig. 2 we present an example data points and the extrapolated values of µ's for t/U = 0.25 in the lattice of infinite depth (tight-binding limit, t /t = 0) and with V = 3E R , respectively. In principle, the quantum phase transition point from the MI to the SF phase occurs in the system when the energy gap Γ becomes equal to zero. Technically, this definition cannot be adopted directly to the numerical calculations due to the numerical uncertainty of Γ. Here, it is assumed that this uncertainty comes mainly from the extrapolating procedure to the thermodynamic limit. As a consequence, the position of the transition point t c is defined as the hopping amplitude at which the insulating gap becomes smaller than this uncertainty [21] . In this way the phase diagram for a given lattice depth can be obtained and the position of the quantum phase transition can be estimated. In Fig. 3 the phase diagrams for two extreme lattice depths V = 3E R and V → ∞ (tight-binding limit) are presented. As one can note, the position of the tip of the insulating lobe is substantially affected by the presence of the tunnelings to the NNN. The position of the transition point estimated for different lattice depths is presented in Fig. 4 . For very strong optical potential the tight-binding limit is achieved. Moreover, it is interesting to note that, contrary to a naive intuition, for more shallow lattices (when the NNN tunnelings are enhanced) the insulating lobe is enlarged. It comes from the fact that the tunneling t has an opposite sign to the ordinary tunneling t and some kind of destructive interference of both processes is present in the system. This fact was already noticed for an analogous model of a two-dimensional system on the basis of the quantum rotor model [22] and in the meanfield approximation [23] . The position of the tip is also shifted in the direction of the chemical potential µ c . As it is seen in Fig. 4 for shallow lattices the critical point occurs for smaller chemical potential. This behavior is typical only for the one-dimensional case since for higher dimensions opposite result was predicted [22, 23] .
IV. CONCLUSIONS
To conclude, in this paper the extended BH model describing the system of ultra-cold bosons in a shallow onedimensional optical lattice was studied. It was shown that including additional single-particle tunnelings to the NNN is sufficient to describe the properties of the system in the vicinity of the quantum phase transition point for low densities (first insulating lobe). For a given depth of the optical lattice, the NNN tunneling amplitude was calculated from the exact shape of Wannier functions. To find the critical behavior of the system, exact diagonalization of the Hamiltonian was used. For shallow lattices the first insulating lobe is enlarged due to the opposite sign of the NNN tunneling and the critical value of the chemical potential µ c is decreased.
Results presented can shed some light on the problem of recent experiments and related theoretical works on the quench through the quantum phase transition point. Typically, such experiments are done by changing the optical lattice intensity and NNN tunnelings are neglected. In the first experiment with 87 Rb atoms confined in a three-dimensional optical lattice [3] the quantum phase transition was located around V ∼ 13E R . In such a case NNN tunnelings seems to be very small (see Fig. 1a ) and in the first approximation can be neglected. Nevertheless, it is worth noting that, whenever high precision measurement is done, these tunnelings introduce a quite big uncertainty of 2% on the value expected from the tight-binding limit (Fig. 4) . This observation can have deep consequences for the problem of very precise quantum simulations performed in optical lattices [24] . One should remember that the results obtained can be substantially affected by a presence of commonly neglected tunnelings to distant sites. As shown here, for high precision measurements, the quench process should be done by tuning of the interaction constant g in a deep lattice with fixed intensity.
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